Abstract. Effects of backward scattering between fractional quantum Hall (FQH) edge modes are studied. Based on the edge-state picture for hierarchical FQH liquids, we discuss the possibility of the transitions between different plateaux of the tunneling conductance G. We find a selection rule for the sequence which begins with a conductance G = m/(mp ± 1) (m: integer, p: even integer) in units of e 2 /h. The shot-noise spectrum as well as the scaling behavior of the tunneling current is calculated explicitly. 
Introduction
The fractional quantum Hall (FQH) effect is a phenomenon observed in a two-dimensional electron system subjected to a strong perpendicular magnetic field. Due to the interplay between the strong magnetic field and interactions among the electrons as well as weak disorder, the transverse resistivity shows a plateau behavior [1] . For a filling factor ν = 1/(odd integer), the theory predicts fractionally charged quasiparticles with charge q = νe [2] . Recent shot-noise experiments in a two-terminal FQH system with a point-like constriction or a point quantum contact (QPC) between the edges seem to be consistent with this theoretical prediction [3] . The FQH system which have any experimental relevance should be confined in a finite region enclosed by one or more edges. Due to the presence of strong magnetic field, the low-energy physics of this two-dimensional electron liquid reduces essentially to that of the one-dimensional edge mode. In one dimension it is known that the interaction plays a significant role. The electrons are strongly renormalized so that the Fermi liquid theory breaks down to be replaced by the TomonagaLuttinger liquid (TLL) [4] . If one considers spinless electrons in 1D, the power-law decaying correlation functions of TLL are completely characterized by one parameter g which represents the strength of interaction. Therefore the parameter g for an interacting electron system in 1D is not universal. On the other hand a remarkable feature of FQH edge mode is that the parameter g which controls this 1D system is universal, since g is related to the topological nature of the bulk FQH liquid (FQHL). For the a Former address: Department of Applied Physics, University of Tokyo, 113-8656, Tokyo. e-mail: imura@ipno.in2p3.fr edge mode of principal Laughlin states, the parameter g is simply given by the bulk filling factor ν [5] .
The edge-tunneling experiment in FQH liquids has shown that a chiral TLL is realized at the edge of FQHL [6] . Indeed the chiral TLL theory has succeeded in the description of non-linear I − V characteristics for ν = 1/(odd integer) [7] , but it is also true that the edgetunneling experiment cannot be explained by a naive TLL theory for other filling factors [8, 9] . In particular, for the Jain's composite fermion hierarchy states at filling factor ν = m/(mp+χ) (m: integer, p: even integer, χ = ±1) [10], Wen's chiral TLL theory predicts that there should be m edge modes corresponding to each composite fermion Landau level [11] . Due to the existence of these internal degrees of freedom the predicted exponent α for the I − V characteristics does not fit the experiment: α ∼ 1/ν.
Although the observed exponent α ∼ 1/ν for the tunneling into FQHL does not support the hierarchical structure of edge mode, there is another experimental observation which encourages us to work on this theory. It is the suppressed shot-noise measurement at bulk filling factor ν = 2/5, i.e., at m = 2, p = 2, χ = 1 in a constricted two-terminal Hall bar geometry [12] . They observed the transitions of two-terminal conductance from a plateau at G = 2/5 to another at G = 1/3 and finally to G = 0 as the constriction is increased. On the plateau at G = 1/3 they observed a fractional charge q = e/3, which indicates that the filling factor near the quantum point contact (QPC) is ν = 1/3. The experiment clearly indicates a deep connection between the ν = 2/5 daughter state and the ν = 1/3 parents state, and therefore seems to support the hierarchy theory at ν = 2/5. This paper studies the tunneling through a QPC at the edge of FQHL. This topic has captured a widespread 156 The European Physical Journal B attention both experimentally and theoretically. For the reasons stated above we focus on the filling factor ν = m/(mp + χ). The FQH systems at those filling factors will provide an interesting arena to study the hierarchical nature of those liquids. We discuss the successive transition between the plateaux of conductance. The sequence begins with the conductance G = G m = m/(mp + χ) in units of e 2 /h, which is identical to the bulk filling factor. We discuss the selection rule for the transitions between different G's. Even though the eventual correctness of the hierarchical TLL theory description is yet to be tested, on which we will be based, we insist that it is of importance to make various interesting applications of the theory. It will enable us to compare the experiment with the theoretical predictions, and hence will be useful to judge the correctness of hierarchical picture.
Model
Our model has a two-terminal Hall bar geometry. The bulk FQHL in the xy-plane is confined electro-statically on the y-direction into a finite region: −w/2 < y < w/2. Each end of this strip is connected to a source (the left terminal) or to a drain (the right terminal). We assume that the bulk FQHL is incompressible at a filling factor ν. Therefore the low-energy excitations are allowed only in the vicinity of two boundaries, which constitute the edge modes. The upper (lower) edge mode carries a current from the left (right) to the right (left) terminal, and the total current I is defined as the difference of the two. Since there is no mechanism of relaxation in the TLL itself, the chemical potential is uniform in the respective edge modes, i.e., the upper (lower) edge mode has a chemical potential equal to that of the source (drain). All the scatterings occur inside the terminals [13] . In the absence of pointlike constriction, the two-terminal conductance G = I/V is quantized at G = ν in units of e 2 /h, since the backscattering between the two edge modes which breaks the momentum conservation is allowed nowhere through the edge, where V is defined as the source-drain voltage. Now we go back to the bulk FQHL. We focus on a filling factor ν = m/(mp + χ) in the Jain's composite fermion hierarchy series, where m: integer, p: even integer and χ = ±1. According to the bulk hierarchy structure, there should be m edge modes, i.e., each edge mode corresponds to a composite fermion Landau level in the bulk. Then the low-energy physics of this electron liquid is controlled by the m-channel edge mode, which obey the following Lagrangian density [11]
where φ ± = φ u ± φ l with φ u (φ l ) being the edge mode propagating near the upper (lower) boundary of the system. The matrix K in equation (1) could be identified as the so-called K-matrix in the bulk, which together with the electromagnetic charge vector t as well as the vortex charge vector l completely specify the universal properties of bulk FQHL [14] . In terms of TLL, K is a matrix generalization of the parameter g, which was simply given by g = ν for the one-channel case (the edge mode of a principal Laughlin state). The standard construction for the K-matrix at a hierarchical filling factor ν = m/(mp + χ) yields
in the unitary basis t T = (1, · · ·, 1), where I m , C m are m × m identity and pseudo-identity matrices. By a linear transformation one can decompose the modes into charge and pseudo-spin bosons. Each row and column of the matrices corresponds to a Landau level for the composite fermions, i.e., α, β = 1, · · ·, m. However it would be fair to comment that it is still a controversial question what the correct construction of the K-matrix is [15] . The matrix U in equation (1) is a positive definite matrix, which specifies among others the velocities of the edge modes. For χ = 1 charge and pseudo-spin modes propagate in the same direction (co-propagate), whereas for χ = −1 they are counter-propagating, i.e., χ stands for the chirality of the edge modes. For the latter case (χ = −1), the interaction between the edge modes can make the conductance non-universal. The observed conductance, on the contrary, seems to be universal. A remedy for this puzzle would be to put disorder along the edge [16] . In the presence of such disorder our conclusions will be modified, however, which will not be discussed in the body of the paper. Now we introduce the back-scattering by pinching the Hall bar, i.e., by breaking the global translational invariance at x = 0. Let us think of applying a gate voltage locally in the middle of Hall bar. It squeezes the Hall bar and makes a quantum point contact (QPC) between the two edges. The QPC introduces the tunneling of quasiparticle through the pinched region of Hall bar. In the TLL model it corresponds to a backward scattering and hence could be described by a periodic potential barrier for the bosonic fields [17] . Let us remember that we are focusing on the bulk filling factor ν bulk = m/(mp+χ). According to the Jain's composite fermion hierarchy, there should be m filled composite fermion Landau levels in the bulk, and accordingly m types of elementary quasiparticles. Each correspond to a vortex-charge vector l = l j where (l j ) α = δ α j (j, α = 1, · · ·, m) with δ α j being unity for α = j and vanishes otherwise [18] . The fractional charge carried by the quasiparticle l is given in general as
For the elementary quasiparticles l = l j one finds q = e/(mp + χ), which is indeed the smallest possible value. For m = 2, p = 2, χ = 1, i.e., q = e/5 they could be identified as the current-carrying particles observed in the recent shot-noise experiment at ν = 2/5 [12].
